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1. (a) If a holomorphic function is injective on its domain then show that it can’t
have any essential singularity.
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(b) If f: C — C is an injective meromorphic function then show that f (2) = 25

for some constants a, [, ¢, d.
[10+10=20]

2. (a) Define the residue of a holomorphic function at an isolated singularity.

(b) State and prove the residue theorem.
[54-15=20]

3. (a) If f:Q — C is a non-constant holomorphic function then show that for each
z € ) there is a positive integer m, such that f is m, - to - one on some
neighborhood of z.

(b) Prove that we can’t have m, = 2 for all z € Q.
[12+8=20]

4. Use the fundamental theorem of Gauss to compute [ ¢ e=**/2dy for t € R. (You
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may use without proof the fact that for ¢ = 0, the value of this integral is v/27 .)
[20]
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5. Let Q={z+iy:x > 1,y € R}. Define ( : 2 — C by ((z) =

n=1

(a) Prove that this series converges locally uniformly on 2. Hence deduce that ¢
is holomorphic on (2.
(b) Prove that ((z) # 0 for z in €.
[12-+8=20]



